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Abstract

In the present paper, gas dispersion in a laboratory scale (5 L) stirred bioreactor is modelled using a commercial computational ﬂuid dynamics

(CFD) code FLUENT 6.2 (Fluent Inc., USA). A population balance model (PBE) is implemented in order to account for the combined effect of

bubble breakup and coalescence in the tank. The impeller is explicitly described in three dimensions using the two-phase and Multiple Reference

Frame (MRF) Model. Dispersed gas and bubbles dynamics in the turbulent ﬂow are modelled using an Eulerian–Eulerian approach with dispersed

k– turbulent model and modiﬁed standard drag coefﬁcient for the momentum exchange. Parallel computing is used to make efﬁcient use of the

computational power in order to predict spatial distribution of gas hold-up, Sauter mean bubble diameter, gas–liquid mass transfer coefﬁcient and

ﬂow structure. The numerical results from different distribution of classes are compared with experimental data and good agreement is achieved.

© 2007 Elsevier Ltd. All rights reserved.

Keywords: Bioreactor; Bubble size; Computational ﬂuid dynamics (CFD); Gas dispersion; Mass transfer; Mixing; Multiphase ﬂow; Parallel computing; Population

balances; Stirred tank

1. Introduction

Modelling of the complex ﬂowin a chemical or bioprocessing

reactor, in the presence of a rotating impeller, is a computa-

tional challenge. Although computational ﬂuid dynamics (CFD)

commercial codes have made impressive steps towards the solu-

tion of such engineering problems over the last decade, it still

remains a difﬁcult task to use such codes to help the design

and the analysis of bioreactors. The scientiﬁc and technical lit-

erature on the subject has rapidly evolved from single-phase,

rotating impeller systems (Jenne & Reuss, 1997; Luo, Issa, &

Gosman, 1994; Micale, Brucato, & Grisaﬁ, 1999; Rutherford,

Lee, Mahmoudi, & Yianneskis, 1996; Tabor, Gosman, & Issa,

1996) to population balance methods aiming at the prediction

of the disperse phase bubble sizes using different approaches

(Bakker & Van Den Akker, 1994; Kerdouss, Bannari, & Proulx,

2006; Kerdouss, Kiss, Proulx, Bilodeau, & Dupuis, 2005; Lane,

Schwarz, & Evans, 2005, 2002; Venneker, Derksen, & Van Den

∗
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Akker, 2002). As a function of the type of results expected,

modelling of bioreactors can be made simpler to target over-

all parametric study or more complex to try to describe ﬁnely

the bubble size distribution. Single bubble size models can be

used to decrease the computational effort while maintaining a

local description of the two-phase ﬂow details (Deen, Solberg,

& Hjertager, 2002; Friberg, 1998; Hjertager, 1998; Khopkar,

Rammohan, Ranade, & Dudukovic, 2005; Morud & Hjertager,

1996; Ranade, 1997; Ranade & Deshpande, 1999). Detailed

models using multiple bubble sizes typically more than 10 size

bins, give more information on the secondary phase behavior

(Alopaeus, Koskinen, & Keskinen, 1999; Alopaeus, Koskinen,

Keskinen, & Majander, 2002; Dhanasekharan, Sanyal, Jain &

Haidari, 2005; Venneker et al., 2002). The formulation of the

bubble size bins equations involves transport by convection

and source/sink terms for the coalescence or breakup (Chen,

Dudukovic, & Sanyal, 2005a, 2005b; Sanyal, Marchisio, Fox,

&Dhanasekharan, 2005). Modern numerical techniques making

efﬁcient use of the computational efﬁciency of modern comput-

ers have to be used in order to address this problem. Sliding

meshes (SM) or Multiple Reference Frames (MRF) are tech-

niques available to model the rotation of the impeller in the

0098-1354/$ – see front matter © 2007 Elsevier Ltd. All rights reserved.
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Nomenclature

a interfacial area (m

−1

)

a(v, v



) break frequency (s

−1

)

B birth (m

−3

s

−1

)

b(v) breakup frequency (s

−1

)

C death (m

−3

s

−1

)

C

∗

liquid phase dissolved oxygen saturation concen-

tartion (kg m

−3

)

C

L

dissolved oxygen concentration in liquid phase

(kg m

−3

)

C

D

drag coefﬁcient

c constant (1.0)

c

f

increase coefﬁcient of surface area

D impeller diameter (m)

D

O

2

oxygen diffusion coefﬁcient (m

2

s

−1

)

d bubble diameter (m)

d

o

sparger oriﬁce (m)

d

32

Sauter mean diameter (m)



F volumetric force (Nm

−3

)

f fraction

g acceleration due to gravity (9.81 ms

−2

)

H liquid height (m)

¯

¯

I unit tensor

H Henry’s constant (Pa kg

−1

m

3

)

K exchange coefﬁcient (kg m

−3

s

−1

)

k

1

constant (0.923)

k

L

mass transfer coefﬁcient (ms

−1

)

m(v) mean number of daughter produced by breakup

(2)



N angular velocity (rad s

−1

)

n number density of bubble class (m

−3

)

P

C

coalescence efﬁciency

P

O

2

partial pressure of oxygen (Pa)

p pressure (Nm

−2

)

p(v, v



) probability

Re Reynolds number



R interphase force (Nm

−3

)

r position vector (m)

T tank diameter (m)

t time (s)



U average velocity (ms

−1

)

u

ij

bubble approaching turbulent velocity (ms

−1

)

u bubble turbulent velocity (ms

−1

)

v bubble volume (m

−3

)

We Weber number

x abscissa or pivot of the i th parent class (m

3

)

Greek symbols

α volume fraction

β

1

constant (2.05)

β constant (2.046)

Γ(a, x) incompelte gamma function

γ fraction reassigned to nearby classes pivot

δ

ij

Kronecker’s symbol

turbulent dissipation energy (m

2

s

−3

)

λ eddy size (m)

μ viscosity (kg m

−1

s

−1

)

π deﬁned in Eq. (32)

θ test function

θ

ij

collision frequency (m

−3

s

−1

)

ρ density (kg m

−3

)

σ surface tension (Nm

−1

)

τ characteristic time (s)

¯

¯ τ stress tensor (kg m

−1

s

−2

)

Ω

B

breakup rate (m

−3

s

−1

)

ξ size ratio (λ/d

i

)

ξ

ij

size ratio (d

i

/d

j

)

Subscripts

B breakup

C coalescence

eff effective

G gas phase

i phase number; axis indices of space coordinates,

class index

j axis indices of space coordinates, class index

lam laminar

L liquid phase

t turbulent

reactor (Luo et al., 1994). Parallel computing, adaptive unstruc-

tured meshes are some of the tools used to make efﬁcient use

of the computational power. In the present study we compare

overall two-phase mass transfer coefﬁcients measured in a lab-

oratory scale (3 L) New Brunswick BioFlo 110 bioreactor to

computational results obtained with the CFD software FLU-

ENT.

2. Experimental setup

A 3 L New Brunswick BioFlo 110 bioreactor (T = 12.5 cm)

with 2 L working volume is used in this study. This reactor is

equipped with automatic feedback controllers for temperature,

mixing and dissolved oxygen. The mixing is driven by a 45

pitched blade impeller with 3 blades (D = 0.075 cm) mounted

on a 10 mm diameter shaft placed at the centerline of the biore-

actor and located at 76 mm from the headplate of the vessel.

The gas is supplied through a 0.04 m diameter ring sparger with

6 holes of 1 mm in diameter located 50 mm under the center

of the impeller (see Fig. 2). The dissolved oxygen concen-

tration is measured with a polarographic-membrane dissolved

oxygen probe (InPro 6800 series O

2

sensors from METTLER

TOLEDO) and monitored with a computer interface. The biore-

actor is de-aerated by sparging with N

2

until only minimum

levels of dissolved oxygen remained. At this point, air is dif-

fused into the reactor until saturation is achieved. In the present

F. Kerdouss et al. / Computers and Chemical Engineering 32 (2008) 1943–1955 1945

paper, numerical simulations are compared to the experimen-

tal data (conducted at 20

◦

C) of a stirred tank ﬁlled with tap

water with a total height of H = 4/3T, gas ﬂow rate of 1.0 ×

10

−5

m

3

s

−1

and an impeller rotation speed of 600 rpm corre-

sponding to a turbulent Reynolds number, Re = ρ

L

ND

2

/μ

L



3.75 ×10

4

. The water properties are set as ρ

L

= 998.2 kg m

−3

,

μ

L

= 0.001 kg m

−1

s

−1

. The surface tension, σ, is assumed as

0.073 Nm

−1

(CRC Handbook, 2002). The properties of air are

set as ρ

G

= 1.225 kg m

−3

, μ

G

= 1.789 10

−5

kg m

−1

s

−1

. The

assumption of constant density is taken here as the pressure

change from the bottom to the surface of the vessel is low

(P

surfae

/P

bottom

0.98).

3. Numerical model

3.1. Governing ﬂow equations

The gas and liquid are described as interpenetrating con-

tinua and equations for conservation of mass and momentum

are solved for each phase. The ﬂow model is based on

solving Navier–Stokes equations for the Eulerian–Eulerian

multiphase model along with dispersed multiphase k– tur-

bulent model. FLUENT uses phase-weighted averaging for

turbulent multiphase ﬂow, and then no additional turbulent

dispersion term is introduced into the continuity equation.

The mass conservation equation for each phase is written

as:

∂

∂t

(ρ

i

α

i

) +∇ · (α

i

ρ

i



U

i

) = 0.0 (1)

where ρ

i

, α

i

and



U

i

represent the density, volume fraction and

mean velocity, respectively, of phase i (L or G). The liquid phase

L and the gas phase G are assumed to share space in proportion

to their volume such that their volume fractions sums to unity in

the cells domain:

α

L

+α

G

= 1.0 (2)

The momentumconservation equation for the phase i after aver-

aging is written as:

∂

∂t

(ρ

i

α

i



U

i

) +∇ · (α

i

ρ

i



U

i



U

i

)

= −α

i

∇p +∇ ·

¯

¯ τ

effi

+



R

i

+



F

i

+α

i

ρ

i

g (3)

p is the pressure shared by the two phases and



R

i

represents

the interphase momentum exchange terms. The term



F

i

repre-

sents the Coriolis and centrifugal forces applied in the rotating

reference frame for the MRF model and is written as:



F

i

= −2α

i

ρ

i



N ×



U

i

−α

i

ρ

i



N ×(



N ×r) (4)

The Reynolds stress tensor

¯

¯ τ

effi

is related to the mean velocity

gradients using Boussinesq hypothesis:

¯

¯ τ

effi

= α

i

(μ

lam,i

+μ

t,i

)(∇



U

i

+∇



U

T

i

)

−

2

3

α

i

(ρ

i

k

i

+(μ

lam

, i +μ

t,i

t)∇ ·



U

i

)

¯

¯

I (5)

3.2. Interfacial momentum exchange

The most important interphase force is the drag force acting

on the bubbles resulting fromthe mean relative velocity between

the two phases and an additional contribution resulting from

turbulent ﬂuctuations in the volume fraction due to averaging of

momentum equations (FLUENT 6.2, 2005). Other forces such

as lift and added mass force may also be signiﬁcant under the

velocity gradient of the surrounding liquid and acceleration of

bubbles respectively. These forces and the turbulent ﬂuctuation

in the volume fraction in the drag force have not been included

in this paper.



R

i

is reduced only to the drag force proportional

to the mean velocity difference, given by the following form:



R

L

= −



R

G

= K(



U

G

−



U

L

) (6)

K is the liquid–gas exchange coefﬁcient written as:

K =

3

4

ρ

L

α

L

α

G

C

D

d

|



U

G

−



U

L

| (7)

d is the bubble diameter and C

D

is the drag coefﬁcient deﬁned

as function of the relative Reynolds number Re

p

:

Re

p

=

ρ

L

|



U

G

−



U

L

|d

μ

L

(8)

For calculation of the drag coefﬁcient, the standard correlation

of Schiller and Naumann is used (Ishii & Zuber, 1979):

C

D

=

⎧

⎪

⎨

⎪

⎩

24(1 +0.15Re

0.687

p

)

Re

p

, Re

p

≤ 1000.0

0.44, Re

p

> 1000.0

(9)

However, this basic drag correlation applies to bubbles moving

in a still liquid and does not as such apply to bubbles moving in

turbulent liquid. In this work, a modiﬁed drag lawthat takes into

account the effect of turbulence is used. It is based on a modiﬁed

viscosity term in the relative Reynolds number (Bakker & Van

den Akker, 1994):

Re

p

=

ρ

L

|



U

G

−



U

L

|d

μ

L

+Cμ

t,L

(10)

C is the model parameter introduced to account for the effect

of the turbulence in reducing slip velocity (Bakker & Van Den

Akker, 1994; Kerdouss et al. 2006; Laakkonen, Alopaeus, &

Aittamassa, 2006; Lane et al., 2002). This parameter is set to

0.3 (Kerdouss et al., 2006).

3.3. Turbulence model equations

As the secondary phase is dilute and the primary phase is

clearly continuous, the dispersed k– turbulence model is used

and solves the standard k– equations for the primary phase. The

turbulent liquid viscosity μ

t,L

in Eq. (5) is written as:

μ

t,L

= ρ

L

C

μ

k

2

L



L

(11)
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and is obtained from the prediction of the transport equations

for the k

L

and 

L

:

∂

∂t

(ρ

L

α

L

k

L

) +∇ · (α

L

ρ

L



U

L

k

L

)

= ∇ ·

_

α

L

μ

t,L

σ

k

∇k

L

_

+α

L

G

kL

−α

L

ρ

L



L

+α

L

ρ

L

Π

kL

(12)

∂

∂t

(ρ

L

α

L



L

) +∇ · (α

L

ρ

L



U

L



L

)

= ∇ ·

_

α

L

μ

t,L

σ



∇

L

_

+α

L



L

k

L

(C

1

G

kL

−C

2

ρ

L



L

)

+α

L

ρ

L

Π

L

(13)

G

kL

is the rate of production of turbulent kinetic energy. Π

kL

and Π

L

represent the inﬂuence of the dispersed phase on the

continuous phase and are modelled following Elgobashi and

Rizk (1989). C

μ

, C

1

, C

2

, C

3

, σ

k

and σ



are parameters of

the standard k– model. Their respective values are: 0.09, 1.44,

1.92, 1.2, 1.0 and 1.3. The turbulent quantities for the dispersed

phase like turbulent kinetic energy and turbulent viscosity of the

gas are modelled following Mudde and Simonin (1999) using

the primary phase turbulent quantities (FLUENT 6.2, 2005).

3.4. Population balance models and CFD implementation

The prediction of bubble size distribution, formed in the

stirred tank, is required for the calculation of interfacial area

and interphase momentum exchange. In the bioreactor, the gas

undergoes a complex phenomena that tend to breakup and coa-

lesce the gas bubbles as they move through the liquid. Breakup

tends to occur when disruptive forces in the liquid are large

enough to overcome the surface tension of the bubbles. Coa-

lescence occurs when two or more bubbles collide and the

ﬁlm of liquid between them thins and ruptures. The approach

taken here is the change in bubble number density distribution

n due to breakage and coalescence mechanisms using popu-

lation balances equations (PBE). There are several numerical

approachfor solvingPBE, amongthem, the Monte Carlomethod

(Ramkrishna, 2000), the Methods of Classes (CM) (Kumar &

Ramkrishna, 1996; Ramkrishna, 2000), the Quadrature Method

of Moments (QMOM) (Marchisio, Pikturna, Fox, &Vigil, 2003;

Marchisio, Vigil, & Fox, 2003; McGraw, 1997), the Direct

Quadrature Method of Moments (DQMOM) (Marchisio & Fox,

2005) and the parallel parent and daughter classes (PPDC) of

Bove, Solberg, and Hjertager (2005). In this work, the CM

method with bubble classes is implemented in the CFDprogram.

Then, the population balance equation for the ith bubble class

can be written for constant density (Chen et al., 2005a, 2005b;

Hagesaether, Jakobsen, Hjarbo, & Svendsen, 2000; Sanyal et

al., 2005) as:

∂

∂t

(ρ

G

n

i

) +∇ · (ρ

G



U

G

n

i

) = ρ

G

(B

i

C

−D

i

C

+B

i

B

−D

i

B

)

(14)

where n

i

is the number of bubble group i, B

i

B

, and B

i

C

are the

birth rates due to breakup and coalescence respectively and D

i

B

and D

i

C

the corresponding death rates. In the above equation

the growth of the bubbles due to mass transfer is neglected.

Laakkonen, Alopaeus, et al. (2006) and Laakkonen, Moilanen,

Alopaeus, and Aittamassa (2006) found this term has a small

effect on PBE over the tank due to low gas solubilities, the

only exception is near the gas feed where dry gas could become

saturated with water.

The breakage and coalescence source terms are modelled as:

B

i

C

=

1

2

_

v

0

a(v −v



, v



)n(v −v



)n(v



) dv



(15)

D

i

C

= n(v)

_

∝

0

a(v, v



)n(v



) dv



(16)

B

i

B

=

_

∝

v

m(v



)b(v



)p(v, v



)n(v



) dv



(17)

D

i

B

= b(v)n(v) (18)

Here, a(v, v



) is the coalescence rate between bubbles of size v

and v



; b(v) is the breakup rate of a bubble with size v; m(v



)

represents the number of fragments, or daughter bubbles, gen-

erated from the breakup of a bubble of size v



and p(v, v



) is the

probability density function for a bubbles of size v, generated

by breakup of a bubble with size v



.

The bubble number density in bin i, n

i

is related to its gas

volume fraction by:

n

i

v

i

= α

i

(19)

The sum of the bubble group volume fractions equals the

volume fraction of the dispersed phase:



i

α

i

= α

G

(20)

Each individual size group volume fraction is then expressed in

terms of the total dispersed phase fraction as:

f

i

=

α

i

α

G

(21)

with



i

f

i

= 1 (22)

The Eq. (14) can be rewritten using the scalars f

i

and Eqs.

(19) and (21) as:

∂

∂t

(α

G

ρ

G

f

i

) +∇ · (α

G

ρ

G



U

G

f

i

)

= ρ

G

v

i

(B

i

C

−D

i

C

+B

i

B

−D

i

B

) (23)

This equation has the form of the transport equation of a scalar

variable in the dispersed phase and is solved using User Deﬁned

Scalars in FLUENT6.2 (2005). The coupling with hydrodynam-

ics is done via the Sauter mean diameter used as input diameter
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in the liquid–gas exchange coefﬁcient K (Eq. (7)):

d

32

=



i

n

i

d

3

i



i

n

i

d

2

i

(24)

3.5. Discretization of PBE by the method of classes (CM)

The division into classes is done based on volume as the

bubble density is constant. The ﬁxed pivot approach (Kumar &

Ramkrishna, 1996; Ramkrishna, 2000), used here, assumes that

the population of bubbles is distributed on pivotal grid points

x

i

with x

i+1

= sx

i

and s > 1. Breakup and coalescence may

produce bubbles with volume v such that x

i

< v < x

i+1

. This

bubble must be split by assigning respectively fraction γ

i

and

γ

i+1

to x

i

and x

i+1

. The reassignment is done in order to ensure

conservation of the two different moments of the distribution

properties. In this work, the number balance (zeroth moment)

and mass balance (ﬁrst moment) are preserved by prescribing

the following two constraints:

_

γ

i

x

i

+γ

i+1

x

i+1

= v

γ

i

+γ

i+1

= 1

(25)

Following (Kumar & Ramkrishna, 1996; Ramkrishna, 2000;

Vanni, 2000) the source terms for Eq. (23) can be written below.

The birth in class i due to coalescence

B

i

C

=

n



k=0

n



j=k

_

θ(x

i−1

< x

j

+x

k

< x

i

) ×

_

1 −

1

2

δ

jk

_

× (γ

i−1

(x

j

+x

k

)a(x

k

, x

j

)n

j

n

k

)

_

+

n



k=0

n



j=k

_

θ(x

i

< x

j

+x

k

< x

i+1

) ×

_

1 −

1

2

δ

jk

_

× (γ

i

(x

j

+x

k

)a(x

k

, x

j

)n

j

n

k

)

_

(26)

where θ is a test function deﬁned as:

θ(test) =

_

0.0, test is false

1.0, test is true

(27)

and

γ

i−1

(v) =

v −x

i−1

x

i

−x

i−1

; γ

i

(v) =

x

i+1

−v

x

i+1

−x

i

(28)

The death in class i due to coalescence

D

i

C

= n

i

n



k=0

a(x

i

, x

k

)n

k

(29)

Table 1

Values of weighting function used in Gaussian quadrature integration

W

1

W

2

W

3

W

4

= −W

2

W

5

= −W

1

_

35+2

√

70

63

_

35−2

√

70

63

0.0 −

_

35−2

√

70

63

−

_

35+2

√

70

63

The birth in class i due to breakup

B

i

B

=

n



k=i

m(x

k

)b(x

k

)n

k

π

i,k

(30)

The death in class i due to breakup

D

i

B

= b(x

i

)n

i

(31)

and

π

i,k

=

_

x

i

x

i−1

v −x

i−1

x

i

−x

i−1

p(v, x

k

) dv

+

_

x

i+1

x

i

x

i+1

−v

x

i+1

−x

i

p(v, x

k

) dv (32)

The above integrals are approximated by the Gaussian quadra-

ture integration:

π

i,k



5



j=1

(1 +W

j

)

3

(j +1)

2

P

2

5

(W

j

)

p

_

x

i

−x

i−1

2

(1 +W

j

) −x

i−1

, x

k

_

+

5



j=1

(1 +W

j

)

2

(1 −W

j

)

(j +1)

2

P

2

5

(W

j

)

p

×

_

x

i+1

−x

i

2

(1 +W

j

) −x

i

, x

k

_

(33)

P

n

is a Legendre polynomials which can be constructed using

the three term recurrence relations:

P

n

=

(2n −1)xP

n−1

−(n −1)P

n−2

n

, P

0

= 1, P

1

= x

(34)

W

j

is the weighting function related to the orthogonal polyno-

mials, in this case as shown in Table 1, j = 5 this number gives

a very good accuracy.

3.6. Bubble breakup

A breakup model by Luo and Svendsen (1996), derived from

theories of isotropic turbulence, is used in this work. Breakup of

bubbles in a turbulent ﬂow occurs when turbulent eddies, with

an energy higher than the bubble surface energy, hit the bubble

surface. For bubble breakup to occur, the sizes of the bombarding

eddies have to be smaller than or equal to the bubble size. The

model assumes that breakup is binary and that the turbulent

breakup mechanism can be modelled as the product of breakup

probability due to the energy contained in eddies and a collision

frequency between bubbles and turbulent eddies. The breakup
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rate function is expressed as:

Ω

B

(v

j

, v

i

) = k

1

(1 −α

G

)n

i

_



d

2

j

_

1/3 _

1

ξ

min

(1 +ξ)

2

ξ

11/3

× exp

_

−

12c

f

σ

β

1

ρ

L



2/3

d

5/3

j

ξ

11/3

_

dξ (35)

This gives the breakage rate of a bubble of size v

j

to two bubbles,

one of size v

i

and the other of size v

j

−v

i

. c

f

is the increase in

surface area (c

f

= (v

i

/v

j

)

2/3

+(1 −v

i

/v

j

)

2/3

−1). ξ = λ/d

j

is the dimensionless eddy size, and λ is the arriving eddy size.

This model does not need a probability density function of

daughter bubbles which is built into the function. This probabil-

ity can be calculated directly from the model. The breakup rate

function can be calculated by using incomplete gamma functions

in the following form (Alopaeus et al., 1999):

Ω

B

(v

j

, v

i

) =

−3k

1

(1 −α

G

)

11b

8/11

n

j

_



d

2

j

_

1/3

×

_

Γ

_

8

11

, t

m

_

−Γ

_

8

11

, b

_

+2b

3/11

_

Γ

_

5

11

, t

m

_

Γ

_

5

11

, b

__

+b

6/11

_

Γ

_

2

11

, t

m

_

−Γ

_

2

11

, b

___

(36)

where

b =

12c

f

σ

β

1

ρ

c



2/3

d

5/3

j

; t

m

= b(ξ

min

/d

j

)

−11/3

(37)

β

1

2.05 and k

1

0.924. At high Reynolds number, the terms

with t

m

are taken equal to zero as t

m

∞(Sanyal et al., 2005).

Laakkonen, Alopaeus, et al. (2006), Laakkonen, Moilanen, et

al. (2006) and Laakkonen, Moilanen, Alopaeus, and Aittamassa

(2007) showed that these parameters should be ﬁtted by com-

paring the mesured and predicted local bubble size distributions.

However this is not under the scope of this work and the assump-

tion taken here is to minimize the computational effort.

By this deﬁnition of breakup kernel, the term b(v



) and

p(v, v



) can be written as:

b(v



) =

1

m(v



)

_

v



0

Ω

B

(v



, v) dv (38)

This integral is calculated numerically in the discretized pop-

ulation equation.

p(v, v



) =

Ω

B

(v



, v)

_

v



0

Ω

B

(v



, v) dv

(39)

3.7. Bubble breakup and coalescence

The coalescence rates a(v

i

, v

j

) is usually written as the

product of collision rate θ

ij

and coalescence efﬁciency P

C

(Hagesaether et al., 2000):

a(v

i

, v

j

) = θ

ij

P

C

(40)

The collision rate of bubbles per unit volume, is given by

Saffman and Turner (1956) and can be written as:

θ(i, j) =

π

4

n

i

n

j

(d

i

+d

j

)

2



1/3

(d

2/3

i

+d

2/3

j

)

1/2

(41)

where d

i

, d

j

are the diameter of bubbles of class i and j with

their number density been given by n

i

and n

j

, respectively.

The coalescence probability of bubbles of sizes v

i

and v

j

is

expressed as (Hagesaether et al., 2000):

P

C

(v

i

, v

j

) = exp

⎛

⎝

−c

[0.75(1 +ξ

2

ij

)(1 +ξ

3

ij

)]

1/2

(ρ

G

/ρ

L

+0.5)

1/2

(1 +ξ

ij

)

3

We

1/2

ij

⎞

⎠

(42)

where

We

ij

=

ρ

L

d

i

u

2

ij

σ

; ξ

ij

=

d

i

d

j

; u

ij

= (u

2

i

+u

2

j

)

1/2

;

u

i

= β

1/2

(d

i

)

1/3

(43)

3.8. Tank speciﬁcations and numerical technique

The solution domain for the experimental systeminvestigated

in this work, is shown in Fig. 1. The FLUENT preprocessor

GAMBIT 2 (2004) is used as geometry and mesh generator.

Figs. 2 and Fig. 3 show the essential features of the 483,450

hybrid cells, generated for the tank consisting of tetrahedral,

pyramid, wedge and hexahedral cells. The quality of meshes is

analyzed using the skewness criteria (GAMBIT2, 2004). All the

cells skewness are below 0.70 which indicate that the mesh is

acceptable (GAMBIT2, 2004). The tank’s domain is discretized

by an unstructured ﬁnite volume method, obtained using the

solver FLUENT 6.2 (2005) in order to convert the governing

equations like continuity and momentum equations to algebraic

equations that can be solved numerically. The tank walls, the

impeller surfaces and bafﬂes are treated as non-slip boundaries

with standard wall functions. At the liquid surface, a small gas

zone is added in order to prevent liquid escape from the tank

(FLUENT 6.2, 2005) and only gas is allowed to escape. The gas

ﬂowrate at the sparger is deﬁnedvia inlet-velocitytype boundary

condition with gas volume fraction equal to unity. The bubble

diameter at gas oriﬁce (the sparger) is assumed to be uniform

and is calculated from the following correlation (Moo-Young &

Blanch, 1981; Prince & Blanch, 1990) which is valid for low

gas ﬂow rates less than 0.001 m

3

s

−1

(Perry & Chilton, 1997):

d

b

=

_

6σd

o

g(ρ

L

−ρ

G

)

_

1/3

(44)

where d

o

is the oriﬁce diameter. The single bubble size found

with this correlation (d = 3 mm) is used in the whole tank for

the simulation performed without the PBE model. Multiple Ref-

erence Frames Model is used to model the impeller region. MRF
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Fig. 1. Solution domain.

Fig. 2. Unstructured mesh used in the model.

method represents a good compromise between physical accu-

racy and reasonable computational effort and is used with the

population equations in the present work. To avoid numerical

difﬁculties often encountered in such complex multiphase ﬂows,

the transient calculations are made for two-phase ﬂow starting

with the converged steady state single primary phase ﬂow ﬁeld.

Converged steady state primary phase ﬂow ﬁeld with MRF is

used for the calculation of the transient two-phase ﬂow with

the MRF model. To reduce computational effort, the solution

for gas–liquid ﬂow with single bubble size (d = 3 mm) and

MRF model is used as an initial condition for the case with

population balance equations. The governing differential equa-

tions are solved using iterative solution to the discrete form

of the mathematical model using a PC-SIMPLE algorithm for

pressure–velocity coupling with ﬁrst order implicit formula-

tion for unsteady integration and First-Order Upwind scheme

discretization for spatial derivatives. The converged solution is

assumed to be attained when: (1) the scaled residuals of all vari-

ables are smaller than 10

−3

, (2) the rate of gas entering and

leaving must be equal and (3) the pseudo-regime for hold-up is

reached. When solving the scalars f

i

for the PBE, the constraint

Eq. (22) may not be satisﬁed. The difference observed is about

7% and this was only observed near the blades. To avoid this

problem, the f

i

are usually normalized after each computational

step:

f

normalized

i

=

f

computed

i



i

f

computed

i

(45)
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Fig. 3. Flow ﬁeld in the plane between two bafﬂes.

3.9. Parallelization

The computation using a ﬁne mesh for the tank (over

1,000,000 cells) and the solution of PBE leads to an increase in

CPU time by many fold and the computing time with only a sin-

gle serial processor machine may become prohibitive. In order

to reduce the turnaround time, the simulation for the case with

PBEis parallelized using the parallel solver version of FLUENT

6.2 (2005). The parallel calculation is performed using a rela-

tively inexpensive LINUX cluster of 32 single AMD Athlon

XP 2800+ 2.08 GHz CPU processor machines with a total of

48 gigabytes of memory, connected through a 1000BT gigabit

switch. The parallelization is done by splitting the computational

domain into a number of partitions (Fig. 4). The partition is done

automatically using the converged transient two-phase ﬂowwith

a single size bubble, each partition is send to a compute node

where the source code is executed simultaneously with the other

nodes. The communication among the nodes is performed using

a SOCKETcommunicator which is a FLUENTmessage passing

library between nodes (FLUENT6.2, 2005). To evaluate parallel

performance, the case with PBE’s equation is run on 4, 8, 16 and

24 compute nodes. Then, the speed-up, which is the ratio of the

total CPU time per the total wall-clock time (elapsed time for

the iterations), is compared for both cases. For a perfect parallel

machine, the total CPU time with n computer nodes would be

equal to n times the total wall-clock time. However this improve-

ment in calculation time is reduced by the communication time

between nodes. While the number of computer nodes increases,

parallel processes run slower (Table 2). The parallel efﬁciency

Fig. 4. Cell partitions with 4 compute nodes for the bioreactor domain.

Table 2

Average wall-clock time per iteration (s) for different parallel test number nodes

4 nodes 8 nodes 16 nodes 24 nodes

Average wall-clock time (s) 67 34 18.3 17.5

also decreases as the ratio of communication to computation

increases (Fig. 5), since for 4 nodes, 8 nodes, 16 nodes and 24

nodes the speed-up is respectively 97%, 96%, 88%and 62%than

the ideal case. Considering theses issues 16 computer nodes are

used as compromise between speed up and wall-clock time for

the PBE calculation. The conﬁguration of our cluster makes it

efﬁcient for such computational requirements, but it is clear that

much larger numbers of cells would seriously decrease the efﬁ-
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Fig. 5. Speed-up of parallel compute nodes for the case with PBE.

ciency and parallel conﬁgurations using much faster inter-node

communications would be needed.

4. Results and discussions

4.1. k

L

a from measurement and CFD predictions

Dissolved oxygen concentrations measured as a function of

time are used in calculating the experimental overall volumetric

mass transfer coefﬁcient k

L

a. The increase in dissolved oxygen

concentration is measured until water became saturated with

oxygen . Hence, the rate of change in oxygen concentration

with liquid phase is given by the following equation:

dC

L

dt

= k

L

a(C

∗

−C

L

) (46)

where C

∗

is the saturation concentration given by Henry’s Law:

P

O

2

= H · C

∗

(47)

Integration of Eq. (46) with C

L

=0 at t = 0 leads to the following

equation:

ln

_

C

∗

−C

L

C

∗

_

= −k

L

a t (48)

Plotting of the left hand-side of Eq. (48) against time gives the

experimental k

L

a.

Using the CFDsimulation, the volumetric mass transfer coef-

ﬁcient is calculated as the product of the liquid mass transfer

coefﬁcient k

L

and the interfacial area a. Based on the Higbie’s

penetration theory, k

L

is given as (Dhanasekharan et al., 2005):

k

L

=

2

√

π

_

D

O

2

_

ερ

L

μ

L

_

1/4

(49)

and the interfacial area a is given as a function of the local gas

volume fraction and local Sauter mean diameter:

a =

6α

G

d

32

(50)

Eqs. (49) and (50) are used to predict local and average k

L

a

from CFD simulation.

The Henry’s constant H and the diffusion coefﬁcient D

O

2

,

at 20

◦

C, are respectively 4010 Pa kg

−1

m

3

and 2.01 ×

10

−9

m

2

s

−1

(CRC Handbook, 2002).

Table 3

Diameters distribution of bubble classes used with the population balance

equations

7 Classes 9 Classes 11 Classes 13 Classes

– – – 0.75

– – 0.75 0.94

– 0.75 0.99 1.19

0.75 1.06 1.31 1.50

1.19 1.50 1.72 1.89

1.89 2.12 2.27 2.38

3.00 3.00 3.00 3.00

4.76 4.24 3.96 3.78

7.56 6.00 5.22 4.76

12.00 8.49 6.89 6.00

– 12.00 9.04 7.56

– – 12.00 9.52

– – – 12.00

Fig. 6. Contours of gas volume fraction along the plane x = 0 (the same for all

distributions of PBE or without PBE).

The Sauter mean diameter is predicted using the population

balance equations with the simulation bubbles are taken from

0.75 to 12 mm in diameter (Table 3) and divided in classes such

that v

i

= 4v

i−1

. Using a multiblock tank mode, Laakkonen et al.

(2007) found that more than 80 Classes should be used to min-

imize the discretization errors. However for practical reasons,

the number of classes was limited to 13 as shown in Table 1.

The results are satisfactory for this case.

Fig. 6 shows contours of air volume fraction along the plane

x = 0. It can be seen that most of the air rises with low dis-

persion as the disruptive forces induced by the actual impeller

rotation are not enough to overcome the buoyancy. This result

is conﬁrmed by visual observation of the vessel which reveal
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Fig. 7. Contours of Sauter diameter d

32

along the plane x = 0 (m) 7 Classes.

that bubbles rise relatively undisturbed through the central area

around the shaft. Figs. 7–10 show the predicted contours of the

local Sauter mean diameter along the plane x = 0 for distribu-

tions of bubbles used. The bubble size increases along the height

due to coalescence in accordance with visual observation. The

smallest bubbles are found in the under part of the vessel where

Fig. 8. Contours of Sauter diameter d

32

along the plane x = 0 (m) 9 Classes.

Fig. 9. Contours of Sauter diameter d

32

along the plane x = 0 (m) 11 Classes.

the gas hold-up is small. The highest local value of k

L

a, as shown

in Figs. 12–16, are found near the impeller where turbulence dis-

sipation rate is high, since turbulence properties determines the

surface renewal time for liquid ﬁlmaround bubbles. Fig. 11 rep-

resents the k

L

which doesn’t depend on the number of classes

and Sauter diameter.

Fig. 10. Contours of Sauter diameter d

32

along the plane x = 0 (m) 13 Classes.
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Fig. 11. Contour of k

L

(the same for all distributions of PBE or without PBE).

The predicted results for the two cases (MRF with single bub-

ble and MRF with different distributions of PBE) are compared

with the experimental results for the same conditions (Table 4)

andthe same zone. It canbe seenthat usingthe PBEgives the best

results for the k

L

a compared to the predicted results with only

one bubble size as the bubble–bubble and bubble–turbulence

Fig. 12. Contour of local mass transfer coefﬁcient k

L

a (s

−1

) for the case with

without the PBE.

Fig. 13. Contour of local mass transfer coefﬁcient k

L

a (s

−1

) for the case with 7

Classes PBE .

interactions are taken in account. It is clear that when we use

more sizes of bubbles in PBE k

L

a ﬁts better with the experi-

mental value. We can conclude that 13 Classes seems to get the

desired accuracy.

Fig. 14. Contour of local mass transfer coefﬁcient k

L

a (s

−1

) for the case with 9

Classes PBE .
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Fig. 15. Contour of local mass transfer coefﬁcient k

L

a (s

−1

) for the case with

11 Classes PBE .

Fig. 16. Contour of local mass transfer coefﬁcient k

L

a (s

−1

) for the case with

13 Classes PBE .

Table 4

Comparison of CFD predictions of mass transfer coefﬁcient for different distri-

bition of PBE with experimental result

a (m

−1

) k

L

(ms

−1

) k

L

a (s

−1

)

MRF (d = 3 mm) 22 1.59e−3 0.035

MRF+7 Classes PBE 12.3 1.59e−3 0.0195

MRF+9 Classes PBE 11.6 1.59e−3 0.0185

MRF+11 Classes PBE 11.2 1.59e−3 0.0178

MRF+13 Classes PBE 10.7 1.59e−3 0.017

Experimental – – 0.0169

5. Conclusion

A CFD model of gas–liquid dispersion in a agitated vessel

coupled with population balance equations is used in order to

predict mass transfer in a laboratory scale bioreactor. For such

complex ﬂows it is shown that using Fluent’s parallel capabili-

ties on a relatively small and inexpensive gigabit Linux cluster

greatly accelerates the calculation. The model predicts spatial

distribution of gas hold-up, Sauter mean bubble diameter and

mass transfer coefﬁcient. The numerical results are compared

with experimental data for mass transfer coefﬁcient and show

good agreement. The mathematical development of the two-

phase aspects and computational techniques of the model is

continuing in order improve the overall speed of the calcula-

tions, as well as accounting for non-Newtonian behavior of the

media.

As a ﬁnal conclusion using PBE gives better accuracy than

traditional method with a one mean diameter. When we compare

between what we gain in accuracy when we double the distribu-

tion of bubbles and the time and computtational time used we

can note that it is not so useful to use more than 13 Classes.
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